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ABSTRACT 
Particle deposition patterns formed in the lung upon inhalation are of interest to a 
wide spectrum of biomedical sciences, particularly for their influence on non-invasive 
therapies which deliver drugs to the respiratory track.  Before reaching the alveoli, 
particles, or a collection of liquid droplets called aerosols, must transverse this bifurcating 
network. This dissertation proposes a multi-faceted strategy for optimizing current 
methods of drug delivery by analyzing particle deposition in a single bifurcation and a 
complex 3-dimensional tree as a model of the airways. In this thesis, previous probabilistic 
formulations of particle deposition in a single bifurcation were first examined, combined 
and verified by computational fluid dynamic modeling. The traditional single bifurcation 
model was then extended to a multigenerational network as a Markov chain. The 
probabilistic approach combined with detailed fluid mechanics in bifurcating structures, 
permits a more realistic treatment of particle deposition. The formulation enables a rapid 
comparative analysis among different flow policies, i.e. how varying modes of inhalation 
affect local particle deposition and total particle escape rates. For example, this approach 
showed that body position has a minimal effect on deposition pattern, while a specific flow 




Also included are novel experimental results of particle deposition. Most 
experimental deposition studies are restricted to total deposition. Regional deposition can 
only be estimated but not directly measured without the destruction of the lung like models. 
As a result, the measurement requires multiple models which adds to the variance. To this 
end a standard physical model for investigating effects of various ventilation strategies on 
regional particle deposition was developed. Results suggest that a brief pause in flow can 
increase deposition into regions of blocked airways where drugs would not otherwise enter. 
Experiments were also conducted to investigate the effects of inertia dominated flow in 
symmetric and asymmetric structures revealing novel features in 3D compared to 2D.  
This dissertation combines experimental and computation results to propose a 
strategy to efficiently move particles through a symmetric and asymmetric bifurcating 
structure. It also introduces possible strategies for maximizing deposition to a desired 
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 Inhalation is the preferred delivery of drugs against almost all respiratory diseases 
such as asthma or chronic obstructive pulmonary disease (COPD) due to its fast local action 
and reduced side effects compared to systemic or oral administration of drugs1. Asthma is 
a chronic inflammatory disease of the small airways2 that has increased in prevalence 
during the last twenty years3. It is characterized by excess production of mucus, swelling 
and restructuring of the airways, hyperresponsiveness to environmental irritants, and strong 
contractions of airway smooth muscle. These symptoms combine to cause difficulty in 
breathing that can lead to an asthma attack4. COPD is a disease of the small airways 
(bronchitis) and the parenchyma (emphysema)5,6, and COPD is a major cause of morbidity 
and mortality worldwide7 with increasing prevalence. It is the third leading cause of death 
and it is expected to be the seventh leading cause of disability-adjusted life years lost by 
20308. Both asthmatics and COPD patients need constant treatment which is a significant 
burden to society and health care. With increasing pollution worldwide, the severity of this 
burden is expected to grow. Thus, there is a need for novel and more efficient respiratory 
drug delivery methods. 
  A difficulty arises because lungs of asthmatics and COPD patients are extremely 
heterogeneous9,10. Consequently, most of the inspired air will go to the open regions of the 
lung and hence a majority of the inhaled drug will also be deposited in that region11. This 
is a serious and common problem with all existing inhalers. Such delivery is wasteful and 




affected airways to minimize waste and side effects from systemic absorption. How best 
to do this is still unknown.  
The theories which explain how drugs deposit in human airways are largely based 
on our understanding of the classic symmetric lung model proposed by Weibel12 and the 
underlying steady state fluid mechanics proposed by this geometry. In fact, countless 
studies have simulated particle deposition under a variety of geometric and boundary 
conditions13–15 but very few experimental results have been conducted16–18. There is a need 
to better understand how fluids and particles move through a symmetric tree. It is 
hypothesized that by strategically varying the flowrate of inhalation within a classical 
symmetric tree, a new inhalation strategy can be determined which improves upon drug 
delivery strategies compared to conventional steady inhalation. This strategy is further 




Offered here is a general overview of the important concepts necessary for 
understanding this dissertation and its contribution to the existing body of literature. By no 
means does this background represent an exhaustive survey of the entire field of aerosol 
research. A more complete account of the physics of aerosol delivery and particle 
deposition can be found in the seminal book by Dr. Warren H. Finlay entitled The 




The Single Particle Problem 
For the scope of this thesis only the single particle case will be explored. Its purpose 
is to provide insight into the problem of particle deposition. The motion of a single particle, 




𝑑𝑡 = ?⃗?234 (1.1)
 
where m describes the mass of the particle, v describes the velocity, and 𝐹234 is the sum of 
all forces acting on the particle. If 𝐹234 is known and the mass is known, the velocity of the 




allows calculation of the position, defined by ?⃗?(𝑡), of the particle once the velocity has 
been obtained. Next, all the underlying forces which act upon the particle must be 
considered. Generally, there are 3 major forces: the gravitational force, the fluid flow 
induced drag force, and the Brownian diffusive force which is due to particle-particle and 
particle-fluid interaction.  
While other forces, such as electric can be superimposed, neglecting other forces, the net 
force acting on the particle is 
?⃗?:34 = ?⃗?;<=>?4@ + ?⃗?B<=; + ?⃗?B?CCDE?F: (1.3) 
 The force of gravity is just given by the mass of the particle times the gravitational 





It is known that the drag force on an object is related to the drag coefficient. A perfectly 
spherical particle is assumed for the sake of this derivation. First, it is necessary to establish 
the relative motion of a particle to the flow. Objects in flow don’t necessarily move at 
exactly the speed of the flow in the presence of drag force (?⃗?B<=;).  Thus, defining the 
relative velocity of a particle is necessary. The relative velocity 𝑣<3H	is the difference 
between the particle’s velocity, 𝑣I and the fluid velocity	𝑣C.  
 
𝑣<3H = J𝑣I − 𝑣CJ (1.4) 
 
The formula for the drag coefficient of an object in flow can be used19. The density of the 












 It is useful here to define the Reynolds number of the flow where 𝑑=?<]=@  is the 





For small Reynolds numbers (Re<<1) and particles of diameter 𝑑I, the solution for the 
Naiver-Stokes equation, which allows us to determine the 𝑣<3H, yields the drag force that 




to kinematic viscosity by 𝑣 = b
cd
. 
?⃗?B<=; = −3𝜋𝑑I𝜇f𝑣I=<4?Hg3 − 𝑣CHD?Bh (1.7) 
Stokes’ law is only valid under the assumption that the diameter of the particle is much 
greater than the mean free path of the fluid particles of the surrounding fluid, which is often 





and 𝐶g is called the Cunningham slip correction factor.  
 
 A particle in the absence of changing fluid flow will reach a terminal velocity, or 
more commonly known as a settling velocity, where the acceleration of the particle 
becomes 0. In this case where diffusion is neglected, using equation 1.1 ?⃗?;<=>?4@ =
−?⃗?B<=;. 
 
Once the forces of drag and gravity are equal the relative velocity is now equal to the 
settling velocity 𝑣E344H?:;.	In this case, both forces can be calculated using the volume of a 



















Particle Diffusion and Particle-particle interaction  
 Though molecular collisions are always occurring, for the sake of simplification 
diffusion is only considered when a particle is of sizescale close to the molecules of the 
fluid which contains it. The phenomenon of particle collision, which results in the diffusion 
of particles, occurs as a result many smaller particles bombarding a larger one. Determining 
the motion of a large number of particles finds solution in a result by Einstein22. He 
theorized that if one only consider time scales that are much larger than the time between 
collisions, the root mean square displacement of a diffusing particle after time 𝑡3H=IE3B can 





 The particle diffusion coefficient D is calculated by the formula where k is the 





From equation 1.9 the settling distance of a particle can be computed by multiplying 
𝑣E344H?:;  with the time required to reach 𝑣E344H?:;  which gives  




Dividing the diffusion distance by the settling distance creates a ratio that determines the 












 When this ratio is much less than 1, it is assumed that diffusion plays little role in 
the motion of particles and can thus be neglected. However, it has been estimated19 that 
this assumption takes place around 3 microns for human, a similar size found in commonly 
used aerosols.  
Particle Inertia and the Role of Impaction 
Assuming negligible diffusion, returning to equation 1.1 and dividing everything by 
particle mass m, it can now be rewritten as follows: 
𝑑𝑣




This equation is often written as:  
𝑑𝑣















To make this parameter non-dimensional it is multiplied by the fluid’s velocity 𝑣CHD?B	and 







When Stk>>1, particles are more likely to deviate from the fluid flow and are thus more 
likely to deposit by inertial impaction. Alternatively, when Stk<<1, particles are expected 
to follow the fluid. Many particle deposition studies predict that the deposition of particles 
in the lungs are solely due to inertial impaction,23 and not only omit diffusion but also 
gravitational sedimentation. It should be noted that there many assumptions are made to 
get to this one number that enables computational simulation of particle deposition. There 
is thus a need for experimental platforms that can test particle deposition theories that don’t 
require making assumptions.  
 
Next, 4 specific aims are formulated which will utilize a general theory of enhancing 
particle deposition in a symmetric tree and test the prediction in an experimental platform 
that also allows extension to asymmetric trees.  
 
Specific Aims 
Aim 1: Develop an understanding of mechanics of particle deposition in a single 




Aim 2: Develop a modeling framework to extrapolate the single bifurcation model to a 
general network of bifurcations. This includes implementing a Markov Chain model of 
particle deposition in the lungs and solving the single particle problem for a variety of 
situations.  
 
Aim 3: Develop experimental methods for the investigation of particle deposition and 
explore the feasibility of a strategy to target specific regions of the lung. 
 
Aim 4: Experimental and computational results for asymmetric flow in branching 
structures. An investigation into the effects which asymmetric flow could have on particle 
deposition. 
 
The above four aims were designed to test the following overall question: It is 
hypothesized that by controlling the flow speed, particle capture can be minimized in a 
single bifurcation and low flow speeds, that utilize particle diffusion and gravitational 





Aim 1: Optimization of Deposition in a Single Bifurcation  
Introduction 
 The goal of this chapter is to identify what can be controlled in terms of particle 
deposition. Various variables are considered which influence a particle’s probability of 
being captured or, in terms of this thesis, touching a wall during its transversal are 
considered. Each of the forces contributes to capture chance and thus a formulation will be 
set up that combines these individual probabilities. This hypothetical probability 
formulation is backed up with novel computational fluid mechanic experiments. Novel 
contributions of this chapter include analyzing particle deposition as a function of flowrate, 
optimizing with respect to flowrate and providing new computational experiments to back 
up preexisting formulations. Also identified here is a strategy for allowing particles to 




 The first step to improving inhalation strategies is to identify the available control 
inputs. In the case of the lung the only two variables that can be controlled are the flowrate 
Q and the inspiratory time. As these inputs are constrained, they limit the feasible control 
policies that can be selected.   
 
 Peak inspiratory flowrate (PIF) is generally around 115L/min24 with a maximum 




would feel discomfort. The table and the figure below provide baseline respiratory data in 
human subjects19: 
 
Table 1.1: Various tidal volumes and resting flowrates and frequencies for different ages  




 6 MONTHS 
   
   SLEEPING 0.075 4.8 32 
   LOW ACTIVITY 0.175 6 17 
2 YEARS 0.19 8.2 21.6 
4 YEARS 0.23 11.1 24 
8 YEARS 0.325 13 20 
ADULT MALE (WITH 
MOUTHPIECE) 
0.75 18 12 
 
 
 The above normal physiological values give constraints that any inspiratory policy 
will have to follow. The input to the system, the flowrate, will be represented by Q and it 
is subject to being constrained by not exceeding 115L/min and it cannot be active for more 
than 10 seconds. Q(x) represents all the allowable controls of the system that can be 
selected from. It follows that 𝑄𝜖𝑄(𝑥). 
 
If the goal is to deliver particles as deep into the lung as possible, the probability 
that a particle deposits at each proceeding generation until the alveolar region of the lung 
is reached must be minimized. In Chapter 1, three fundamental forces were identified that 
could contribute to a particle’s deposition: gravity causing sedimentation, diffusion causing 
deposition, and the relationship between a particles inertia and drag force causing 




probabilistic contribution of individual forces but, to our knowledge, no study has tied them 
together into a single optimization schema. In the next section, a probabilistic model of 
particle deposition based on existing literature is constructed.  
 
Theoretical Background 
The probability of Deposition Due to Gravitational Sedimentation 
 The sedimentation probability (ps) is defined as the probability that a particle will 
deposit by gravity in a cylindrical tube of length L, diameter D, having an angle 𝜃 with 
respect to the horizontal direction (gravity is vertical). For Poiseuille flow a 
simplification19,25, and a generally accepted method of estimating ps can be used if the 
particle diameter (dp) is small and only gravity and diffusion are considered: 




where Q is the actual flow through the tube, 𝜌I  is the density of the particle, g is the 











where 𝑣E is the settling velocity of the particle. This expression is approximately equal to 
the ratio of the time required for a particle to axially travel through the tube to the time to 














 + arcsin 𝜅
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]  (2.2) 
For plug flow, the probability of sedimentation 25 is given by 











  (2.3) 
and for well mixed plug flow, following is obtained: 




Notice that if 𝜃 = −𝜋/2 , i.e., the tube’s axis is parallel to gravity, 𝜅 = 0  and the 
probability of capture by sedimentation is zero.  
 It is worth noting that as the Reynolds number, defined here as Re = Yc
Ob
 (where 𝜌 
is fluid density), and/or the Stokes number defined in equation 1.17 increase, particles 
move quicker and 𝜅 → 0 so that the probability that a particle deposits due to sedimentation 
practically approaches zero23. Thus, particles transverse the tube before they can deposit. 
Thus, for turbulent high-speed flows, 𝑝E is effectively zero. 
The probability of deposition due to impaction  
It has been noted that a particle’s deviation from a stream line is due to the relaxation 
time, and thus its probability of impaction can solely be determined by the Stokes 










Where 𝑣CHD?B  is the local fluid velocity and 𝐶g is the Cunningham slip correction factor. 
The probability of impaction (𝑝?)  can be calculated using the Stokes number and the 
following simplification can be applied18:  
𝑝? = 1.606Stk + 0.0023 (2.6) 
When Stk is very low corresponding to low-speed flow or very small particle diameter, the 
particles tend not to impact, resulting in negligible contribution of impaction to the 
probability of deposition by impaction. It is interesting to note that for micron-sized 
particles in a given flow, the sedimentation and impaction probabilities are nearly inversely 
proportional.  
 
The probability of deposition due to diffusion  
Generally, diffusion is considered to be the least important of the three forces 
contributing to particle deposition, especially when considering particles of larger 
diameters (> 1 µm). However, for particles in the nanometer size range, deposition by 








X    (2.7) 
where 𝑘«  is the Boltzmann constant, T is absolute temperature and 𝑈© is the mean fluid 
velocity. Equation 2.7 is the coefficient of diffusion of the particle non-dimensionalized by 
the properties of the bulk flow. For Poiseuille flow, Eq. 2.7 is then used in the expression 




𝑝B = 1 − .819𝑒­oY.®¯ − .0967𝑒­°±.[[¯ − .0325𝑒­[[°¯ − .0509
(2.8) 
whereas for Plug flow: 
𝑝B = 0.164385Δo.o²[o³ ∗ exp[3.94325	𝑒­¯ 	+ 	0.219155(ln Δ)[ + 	0.0346876(ln Δ)		
+	0.00282789(lnΔ)Y 	+ 	0.000114505(lnΔ)² 		+ 	1.81798 ∗ 10­®(ln Δ)®	  
if	Δ < 0.16853	
and 
𝑝B = 1	 
	if	Δ ≥ 0.16853 
(2.9) 
Similar to the relationship between low flow speeds and increased chance of gravitational 
sedimentation, low flow speeds are also associated with increased chance of diffusion-
induced deposition.  The relative contribution of diffusion to overall particle motion is 
greatest during low-flow conditions, when a particle traverses an airway slowly and thus 
has more time to diffuse radially and deposit. However unlike sedimentation, diffusion is 
the result of random motion, and therefore is not affected by tube orientation within the 
gravitational field. It is worth noting that diffusion does depend on other factors such as 
temperature.  
Various other probability formulations exist 18,23; indeed, The Mechanics of Inhaled 
Pharmaceutical Aerosols 19 lists over 10 formulations for inertial impaction alone. It is not 
the purpose of this thesis to introduce new formulations. In essence, they all reduce to an 




or sedimentation.  High flowrates are associated with greater contributions of impaction, 
whereas low flowrates are associated with greater contributions of diffusion and 
sedimentation. Finding the interplay between these conditions and formulating particle 
transport as a single probability formulation allows insight into optimal drug delivery 
strategies to be obtained.  
 
Understanding the single bifurcation  
The probabilities presented in this chapter will be utilized to formulate a Markov 
chain to eventually build complex branching geometries in chapter 3. In this chapter, we 
apply the above probabilities to a single bifurcation. The total escape probability (𝑝3) that 
a particle transitions from a given airway segment to either of its daughter segments is 
calculated by combining the individual escape probabilities for each of the three forces as 
follows: 
𝑝3 = (1 − 𝑝E)(1 − 𝑝?)(1 − 𝑝B) (2.10) 
 
Eq. 2.10 states that the probability that a particle is not captured in a segment is the product 
of 3 probabilities each describing the probability of escape by one of the 3 forces. It is thus 
the chance of not being captured by gravity, diffusion or impaction. In this formulation it 
is assumed that these probabilities are independent as in previous studies27–29. The goal of 
the computation fluid dynamic (CFD) simulations is to establish the relevance and the 




Computational studies   
Computations, the creation of geometries, and simulations, were carried out using 
Solidworks, MATLAB (R18b, Mathworks, MA) and Comsol respectively. For all 
simulations, particles were also assumed to have the density of water and the temperature 
was set to 37 °C. 
To provide evidence for the validity of Eq. 2.10, a CFD model of a single bifurcation 
of a main human bronchus, simulated over a wide range of inlet flowrates representative 
of human breathing conditions was set up. All forces were included simultaneously, and 
the motion of the particles were determined by calculating the net force acting on the 
particle and then simulating motion over a discrete time step. The bifurcation model was 
longitudinally extended to account for flow development, such that the flow inlet of the 
model preceded the entrance of the parent airway segment by 20 times. The inlet flow was 
assigned a uniform velocity profile. The velocity field was solved in Comsol Multiphysics 
5.4a for different Reynolds numbers. Large eddy simulation (LES) using the Smagorinsky 
sub-grid scale model was used in accordance with previous computational experiments30. 
Two spatial distributions of particles were simulated at the entrance of the parent airway 
for the particle transport simulations: a uniform distribution over the airway cross-section, 
and a parabolic distribution with particle concentration highest at center of the airway.  
Simulated particles were then released on top of the fluid flow solution with their motion 
governed by Newton’s second law. Modeled forces in the particle transport simulation 
included the drag force from the fluid flow solution, gravity, and diffusion. Total 




the parent airway or at the bifurcation.  
RESULTS 
Visualization of the extremes of human breathing are given in Fig. 2.1. Both simulations 








Figure 2.1: Computational simulations detailing particle deposition for 3.5 micron 
sized particles under high flow A, and low flow conditions B. Panel A is dominated by 
inertial impaction where panel B is dominated by gravitational based deposition. 






Figure 2.2: Probability of capture due to gravity, impaction, diffusion and all three 
combined in a tube with dimensions corresponding to a third-generation bifurcation 
(length= 6.3 cm, diameter= 1.35 cm, dry air) with its axis perpendicular to gravity. 
Panel A and B show results for a large particle and a small nanoparticle with 
diameters of 8 µm and 0.35 µm, respectively. Comsol-based computational fluid 
dynamics (CFD) simulation of escape rate is also shown in panel A for either a 
uniform distribution (black circle) or parabolic distribution (white circle) for 
particles released at the airway entrance. Note that the impaction probability for the 
nanoparticle is virtually zero and not plotted on panel B. 
The relationship among the 3 forces in a single tube corresponding to the human 
main bronchus was investigated. Flowrates between 0.0001L/s and 1L/s were tested, which 
represents the full range of realistic human inspiratory flowrates. Figure 2.2 compares the 
probability of capture - computed as 1 minus the probability of escape in Eq. 2.10 - due to 
gravity, impaction and diffusion for a large 8 µm diameter particle (panel A) and a small 
350 nm diameter nanoparticle (panel B). For the large particle (panel A), deposition by 
diffusion is negligible as expected. Deposition due to gravity decreases while deposition 
due to impaction increases with inlet flowrate. The combined effects of all three forces lead 
to a tradeoff with a minimum of the overall probability at around 0.2 L/s for the large 
particle. The total capture rates from CFD simulations are in reasonable agreement with 




diffusion on particle motion. The sum of squared differences between our model and the 
CFD simulations was reduced by 53% using a parabolic distribution of particles at the 
airway entrance compared to a uniform distribution. For the small particle (Fig. 2.2B), a 
monotonous decrease of the capture probability with increasing flowrate is found. The 
angle in these simulations was 0 degrees which means the tube’s axis is perpendicular to 
the direction of gravity. For the nanoparticle, the influence of diffusion is dominant at all 
flowrates, while gravity is only important close to no flow, and impaction disappears. The 
probability of capture by diffusion is also not affected by the orientation of the tube. 
 
DISCUSSION 
 The primary purpose of this chapter was to investigate particle deposition in a single 
bifurcation. The major accomplishment was twofold: namely to tie together existing 
probabilistic formulations into a single capture probability and to use computational 
simulations to back up said formulation. Now the discussion into the formulations 
limitations and how to utilize this knowledge to optimize particle deposition can begin. 
It has been suggested and theorized by various authors to take the 𝐿I − 𝑛𝑜𝑟𝑚 
where each term is raised to some constant power p to correct for the coupling of each term 













impaction or diffusion defined previously. 
Finlay26 argued that so many assumptions have been used to get to the point of 
being able to calculate the probability that one more should not produce huge errors. 
Besides, the essence of a modeling exercise is not to perfectly represent reality but to give 
insight into real-world system function. The computational results presented in this chapter 
provide more substantial support than previous published models. 
 
It is worth noting here that the probability of equation 2.11 can be potentially 
greater than 1 which is a violation of the most basic principles of probability. It makes more 
sense to compute the total probability of capture as 1 minus the product of the probabilities 
of not being captured by either mechanism. The CFD results in Fig. 2.2 provide evidence 
that our proposed total probability expression describes particle deposition in a single 
bifurcation with reasonable accuracy. However, it is important to realize that Eq. 2.10 does 
not include the effects of spatial distribution of particles at the inlet which explains the 
deviation of the equation from the CFD results for the uniform inlet distribution. Thus, in 
principle, the CFD results could be used to introduce corrections to 𝑝? that depend on the 
inlet distribution if it is known. Additionally, particle-particle interaction is not taken into 
consideration for the CFD and for the probabilistic model. Comsol, at this time does not 
support in its native format complex processes such as particles coalescing, but theses 
might be possible with custom formulations. 
The CFD results also reveal an interesting discrepancy between the assumptions 




hypothesis that is due to a decreased capture rate for a parabolic distribution due to an 
increased initial distance of particles to the wall. CFD results for particle capture were in 
better quantitative agreement with the probabilistic expression of Eq. 2.10 when a 
nonuniform parabolic distribution of particles was simulated at the airway entrance, as 
opposed to a uniform distribution.  By contrast, the experimental and modeling work from 
which the gravitational sedimentation model was obtained, assumed a uniform particle 
distribution at the inlet25. However, it is plausible that gravitational settling and Taylor 
dispersion resulted in non-uniform particle distributions at the entrance of the experimental 
model, due to the absence of an aerosol mixer near the inlet sensor. This could explain why 
the parabolic inlet condition corresponded better with the experimental results than the 
uniform distribution.  
 
As an implication of the above results, it can be demonstrated that Eq. 2.10 can be 
used to optimize deposition at a single bifurcation. To do that, first note that for the control 
input, the flowrate, is the sole variable in all the probability equations. A cost function to 
minimize the total probability of capture subject to the constraints that Q, the flowrate, 
belongs to the admissible control Q set that was identified earlier can now be written. The 
total probability of capture, 𝑝g, is minimized:  
 
𝑝g = 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒{	1 − (1 − 𝑝E)(1 − 𝑝?)(1 − 𝑝B)} (2.12) 
 
The aim is to find the smallest value that belongs to that set or that minimizes the 




known, the only variable that needs to be considered is Q. Additionally, because of how 
the problem was set up 𝑝E, 𝑝?, 𝑎𝑛𝑑	𝑝B  are all functions of the flowrate! This means the 
partial derivative of the cost function with respect to Q can be taken and set equal to zero 




f1 − (1 − 𝑝E)(1 − 𝑝?)(1 − 𝑝B)h (2.13) 
 
 Using second order conditions, the second derivative can be calculated and if it is 
positive at	𝑄∗ , a local minimum can be found. Since our function is convex all local 
minimums will also be global. For sure, all candidates that satisfy equation 2.13 must be 
checked but this gives a formula for finding optimal polices. Furthermore, if no solution 
exists to equation 2.13 either the smallest or the largest element in the allowable control 
set will be optimal since the function would either be entirely concave or convex. This 
most commonly occurs when there is little risk of inertial impaction and distal airways and 
there is no plenty to moving at maximum speed.  
 
 Most previous models look at just the probability of impaction27,31–35 in which case 
the optimal solution would be to just move very slow through the bifurcation and never 
allow particles to impact. However, our formulation together with the CFD results suggest 
that if we take into account all forces, there is a tradeoff between going so slow that 
particles are captured by diffusion or sedimentation and going too fast that particles are 
captured by impaction. Fig 2.1 demonstrates that both moving too quickly and too slowly 





 Probabilistic formulation of particle deposition in a single bifurcation led to insight 
of the individual variables that could be controlled in order to optimize particle capture. 
The formulation proposed, which is a reduction of how particle transport problems are 
usually solved using CFDs, were also supported by extensive computational experiments. 
The major insight is that there exists a tradeoff between letting a particle follow its natural 
unguided path, allowing diffusion and gravity to dictate motion, or conscribing a particle 
to transverse along with the flow. Additionally, there is an optimal flow speed that 
minimizes the chance of capture for a single particle in a given bifurcation. 




CHAPTER THREE  
Aim 2: Markov Chain Modeling of Particle Deposition 
INTRODUCTION 
 The previous single bifurcation problem introduced in Chapter 2 can be extended 
to accommodate a wide variety of geometries. Inhalation of drugs such as bronchodilators 
to dilate airways in asthmatics is a common treatment modality. The goal is to guide the 
inhaled drugs through the heterogeneous bifurcation structure of the airways toward the 
diseased areas of the lung. Evaluating the efficiency of a given breathing maneuver requires 
mapping the spatial distribution of drug deposition in the lung, which is experimentally 
challenging.  
Numerous computational fluid dynamic (CFD) and Monte-Carlo simulation-based 
models have been proposed to characterize particle deposition pattern in the lung27,31–35, 
but in most cases, these studies investigated the influence of a single factor such as particle 
diameter on overall deposition efficiency. The effects of inhalation flow speed, more 
precisely flow policy describing optimal flow variation during a breath, on deposition 
pattern have not been studied. CFD may require long computational times, precluding the 
investigation of how sensitive the deposition pattern is to wide variations in local geometry 
or body position. Additionally, the computational burden of CFD also limits the inclusion 
of both central and small peripheral airways. Several studies also explored stochastic 
Monte-Carlo approaches to particle deposition27,28 although these models did not consider 
flow policies or the effects of diseases on deposition. A major benefit of the transition to a 




solutions to particle deposition. Previous studies however, only simulated paths of 
randomly generated geometries. By reducing the complex geometry into a series of 
bifurcating units and analyzing probabilistic particle transport as a function of the 
fundamental forces that act on particles, the relationship between inlet flowrate and 
generational deposition may be investigated. 
Proper models of particle transport must consider all forces that act upon a particle. 
These forces result in particle motion and simulation at short time intervals can allow the 
prediction of particle trajectory. As presented earlier the net force (?⃗?:34) acting on a particle 
in the lungs is the sum of three vectorial forces, namely gravity, drag and diffusion36: 
?⃗?:34 = ?⃗?;<=>?4@ + ?⃗?B<=; + ?⃗?B?CCDE?F: (3.1) 
 These forces contribute to the particle’s probability of escape from or deposition in 
a given airway. This probability in turn depends on numerous factors such as the length, 
diameter and orientation of the airway, as well as the flowrate due to breathing or 
mechanical ventilation. By extending aim 1, the probability of escape from a single 
bifurcation can be utilized to compute the total probability that a particle traverses the entire 
airway tree without capture. 
To this end, a Markov chain formulation of particle motion in which each state 
corresponds to an airway segment within which particles may be located was developed. 
This allowed for integration of the probabilistic formulation of chapter 1 to a general 
geometric framework. The transition probabilities for a particle to move from one state to 
another (i.e., from one airway segment to another) incorporate the above three forces. In 




a Markov chain to investigate the effects of different inlet flowrates on overall deposition 
pattern in a realistic asymmetric 3-dimensional (3D) tree model of the human airways was 
used. This formulation also allows determination of the effects of body position and airway 
narrowing on escape and deposition probabilities, respectively. 
 
METHODS 
Setting up the adjacency matrix 
 In order to turn the deposition problem into an optimization problem, a Markov 
chain model of particle transmission and deposition in a bifurcating structure mimicking 
the human airway tree was developed. The Markov chain consists of states connected 
according to the known bifurcation topology of the lung structure37. A particle is 
considered to be in a particular state when it is located within the corresponding airway 
segment, either suspended in the fluid flow through the airway lumen or deposited onto the 
airway wall. The transition probabilities between allowed states are defined below through 
the adjacency matrix.  
Traditionally, the airway tree is labeled as follows. Generation 1 is the root of the 
tree (e.g., the trachea) and has two daughter generations labeled as 11 and 12 where 
denoting the left and right daughter branches, respectively. Each parent is connected to 





Table 3.1: Mapping of standard airway labeling to Markov chain states 









As an example, the scheme in Table 3.1 replaces the traditional labeling scheme 
with state numbers in a small 3-generation tree. The mapping of segments into states 
reveals how the adjacency matrix of the Markov chain is determined (Table 3.2). 
 
Table 3.2: The adjacency matrix for a small asymmetric tree 
Airway 
Label 11 12 111 112 121 122 Captured Escaped 
1 0.491449  0.491449 0 0 0 0 0.017102 0 
11 0 0 0.494359 0.494359 0 0 0.011281 0 
12 0 0 0 0 0.496522 0.496522 0.006957 0 
111 0 0 0 0 0 0 0.005442 0.994558 
112 0 0 0 0 0 0 0.010167 0.989833 
121 0 0 0 0 0 0 0.007054 0.992946 
122 0 0 0 0 0 0 0.008433 0.991567 
Captured 0 0 0 0 0 0 1 0 
Escaped 0 0 0 0 0 0 0 1 
Transition probabilities in the second to last and last columns represent the probability 
that a particle deposits in a given segment and escapes from the last segment, 





 The probability from the first aim is then partitioned between the two daughter 
branches based on the expected flow division using the downward pathway resistance of 
the two daughter branches 11. Specifically, for any given airway segment, the downstream 
input resistances of both subtended trees, including each daughter and all subsequent 
granddaughters, were computed from the tree geometry assuming normal air and Poiseuille 
flow. Considering that the two daughter subtrees are in parallel, the flow partitioning 
between the two daughters is such that the flow entering a subtree is inversely proportional 
to the subtree’s total input resistance. The probability of a particle transitioning to one of 
the daughter branches is then obtained by multiplying Eq. 2.10 by the fractional flow into 
that segment. In this way, the fractional flow in one daughter branch determines the relative 
probability of particle transition to that branch compared to the other daughter. Once a 
particle is captured in a segment or reaches the terminal state, it remains there. This is 
achieved by allowing these states in the Markov chain to be “sticky,” i.e., they 
communicate to themselves with a probability of 1. 
The full transition matrix for a 3-generation simple tree is given in Table 3.2. Note 
that for the terminal generations, there are no bifurcations at the end, and they are assigned 
a non-zero probability based on Eq. 2.10 to transition to the terminal escape state. The 
above method of adjacency matrix generation was applied to the 3-dimensional airway 
model37 that includes segments down to the terminal bronchioles. Relevant geometric data 
(i.e., lengths, diameters and angles) were imported and used to compute the transition 
probabilities according to Eqs. 2.2 to 2.10. 




bronchioles, beyond which more bifurcations are not considered. When a particle reaches 
this state, it stays there afterwards with probability 1. The formulation of the transition 
probabilities, the probability of changing from one state to another, requires the 
establishment of the probability that a particle deposits by sedimentation, impaction, or 
diffusion, which is considered next.  
The above adjacency matrix formulation provides a simple way to determine 
optimal flow policies. For example, if the goal is to target delivery to the alveoli beyond 
the terminal airways, the optimal flow policy should maximize particle escape from the 
entire tree. To achieve this, first reconsider the problem posed in chapter 2 for a single 
bifurcation, for which the total probability of capture (𝑝g) must be minimized with respect 
to the inlet flow waveform: 
𝑀𝑖𝑛
𝑄 ∈ 𝑄(𝑥)	𝑝g
(𝑄) = 1 − [(1 − 𝑝E)(1 − 𝑝?)(1 − 𝑝B)]	 (3.2) 
where 𝑄(𝑥) is the set of physiologically admissible flows into that segment. All other 
properties of the particle and the geometry are assumed fixed. Additionally, 𝑝E, 𝑝?, and	𝑝B 
are all functions of the flowrate as described in the previous chapter and thus, taking the 




(1 − [(1 − 𝑝E)(1 − 𝑝?)(1 − 𝑝B)]) = 0 (3.3) 
Eq. 3.3 allows solving for a minimum that would be the candidate for an optimal flowrate 





An optimal flow policy providing the global minimum for particle capture in the 
entire tree may be obtained by considering all segments. In a symmetric tree with 
symmetric flow bifurcations, the problem of minimizing the probability of capture for a 
single particle reduces to finding the optimal flow minimizing Eq. 3.2 at each generation. 
In this way, the entire optimization problem is deconstructed to the individual airway 
segment level. The particle path is considered as a cascade of individual bifurcating units 
using a formulation similar to that reported by de Vasconcelos et al.23. However, it is worth 
noting that their work did not include the influence of gravity, nor did it consider flow 
policy or an asymmetric geometry. By contrast, finding the optimal flow policy for an 
asymmetric tree is complicated by the fact that the capture probabilities cannot be 
independently calculated for each generation, due to asymmetric flow partitioning at 
bifurcations. Instead, this problem formulation must consider the capture probabilities in 
all airway segments along each particular path from trachea to periphery.  
A general equation for describing particle escape in asymmetric geometry can be 
obtained as follows. The formalism describing the optimal flow is related to the “path 
escape” probability (𝑃3) of a single particle escaping the tree along a particular path from 
the trachea to a terminal segment: 



















where 𝑛 is the number of airway segments along the path and 𝑝3,£ is the escape probability 




flow 𝑄£  through that segment. A visual representation of equation 3.3 is given in Fig. 3.1. 
The product includes all segment escape probabilities weighed by their fractional flows 
along the path connecting the root inlet flow 𝑄À to the terminal end of the tree flow 𝑄:.  
 
 
Figure 3.1: (A) Schematic representation of the fundamental forces including gravity, 
drag and diffusion, which determine particle motion and capture in this model. (B) A 
general schematic for the flow division at bifurcations. The 𝒑𝒆,𝟎  and 𝒑𝒆,𝟏  are the 
escape probabilities from the 0th and 1st airway segments, which depend explicitly 
on the instantaneous flow through those segments as given by Eq. 3.3. 
 
 Notice that the fraction in front of the product on the righthand side is the fraction 
of flow going through the terminal segment. This probability is very small; however, when 
the probabilities for all 𝑁4 terminal segments are summed, the total probability of escaping 









 This probability is the sum over all unique 𝑁4 paths of the individual path escape 
probabilities in Eq. 3.3. Furthermore, if the inlet flow 𝑄À varies in time, the optimal time-
varying flow waveform must account for particle positions at each consecutive time point, 
and update all downstream single-tube escape probabilities. Since we neglect turbulence 
and inertial effects in the flow calculations, the flow partitioning is computed only once. 
Updating the flowrates throughout the tree for a time-varying problem requires simply 
scaling each flowrate in proportion to changes in	𝑄À. This allows quick calculation of the 
capture probabilities and hence optimization of a time-varying inlet flow profile for 
maximal escape from the tree. Thus, Eqs. 3.3 and 3.4 were used to compute the probability 
of escape as well as regional deposition. 
The effects of alterations in geometry and the sensitivity of the solutions were 
explored as follows. First, effects of changing the orientation of the tree was determined. 
Since each branch of the tree is specified by the start and end point in 3D space, the entire 
tree was rotated by multiplying each branch with a 3D rotation matrix. Rotation around the 
vertical axis caused no change in the overall deposition pattern. Thus, only rotations 
relative to gravity were simulated to investigate the effects of body position on deposition 
pattern. Second, the effects of changes in diameter were investigated. A single airway 
narrowing was applied at generation three by reducing the diameter of the segment to 10% 




increases. As a consequence, the flow is redirected to other areas of the tree and the 
deposition pattern is altered. For this calculation, the flow partitioning was recalculated 
before applying Eqs. 3.3 and 3.4. 
 
RESULTS 
The asymmetric geometry of the human airways containing up to 23 generations 
was transformed into a Markov chain model. Before carrying out simulations for different 
inlet flow profiles, the Markov chain-based model of particle deposition was validated in 
the airway tree. Specifically, digitized existing experimental data38 were plotted against the 
deposition predicted from the Markov model.  
 
Figure 3.2: Comparison of the Markov chain model with existing experimental data. 
Simulations were conducted for a fixed flowrates of 0.5L/s which was the same as in 




Previous studies have used this data set to show agreement with various 
computational results27,29,39,40. Fig. 3.2 demonstrates that the total capture rates from the 
literature are in reasonable agreement with those predicted by Eqs. 3.3 and 3.4 which 
assume independent effects of drag, gravity and diffusion on particle motion.  
Next, the inlet flow waveform, or flow policy, that maximizes the number of 
transitions before deposition was identified.  
 
Figure 3.3: (A) Optimal inlet flowrates at the trachea minimizing capture at each 
generation of the human airway geometry using a 3-dimensional airway tree for 
several particle sizes. The first generation is the trachea and since it is orientated 
vertically the flow that minimizes deposition is low. As generation number increases 
the risk of deposition due to inertial impaction decreases and the optimal flow at the 
trachea increases. (B) Optimal flows as a function of time. Note that the time of the 
flow only represents a window during inspiration (see text for further explanation). 
 For every generation, this was accomplished by finding the minimum of Eq. 3.2. 
The average optimal inlet flowrate at the trachea (i.e., minimizing the probability of capture 
at each generation) is plotted in Fig. 3.3A for particle sizes covering 2 orders of magnitude. 
The corresponding time-varying flow policy is shown on Fig. 3.3B. It is important to note 
that Fig. 3.3B does not show the entire inspiratory waveform, but rather only the interval 




particle release is not assumed to coincide with the beginning of inspiration, and a non-
zero initial flowrate is an admissible flow policy. For example, the optimal policy for a 
particle of size 0.035 µm is a short 0.2 s burst of maximum flow at the trachea. This means 
that the inspiratory flow waveform should contain a 0.2 s interval with 1 L/s flowrate and 
the particles should be released at the trachea at the beginning of this interval. In general, 
for particles larger than 0.1 µm, optimal time-varying flow policy applies increasing inlet 
flowrate as particles transition to more peripheral airway segments. 
 
 
Figure 3.4: Probability of escape of the tree, or escape fraction, computed for 4 
different flow policies. The optimal policy is the time varying flowrate identified in 
Fig. 3.3. Panels A and B show the probability of escape for the 3.5 µm and the 0.35 
µm particles, respectively. 
 
To test the effects of different flow policies on the probability of escape defined as 
the fraction of particles delivered to the periphery of the tree (Eq. 3.4), simulations were 
carried out (Fig. 3.4) using a 3.5 µm diameter particle (panel A) and the 0.35 µm diameter 
nanoparticle (panel B). The maximum flowrate is defined as a constant inlet velocity at the 
highest allowed flowrate. The results suggest that with the larger particle, the time-varying 




escape of ~0.24 higher than the maximum flowrate using a constant flow throughout 
inspiration. For the nanoparticle, low inhalation flowrates are worse than the optimal 
policy. However, the optimal flow policy converges to the maximum flowrate since the 
risk of impaction is nearly zero. The spatial distribution of particle deposition was obtained 
by visualizing the probability of capture for the optimal flow policy and the maximum flow 
for both particle sizes (Fig. 3.5). Note that the diameters on all images below are twice the 
actual size used in the calculations to allow for easier visualization of the smaller airways.  
 
Figure 3.5: Steady state solutions of the probability of capture for optimal flow policy 
(panel A) and maximum flow policy (panel B) using the 3.5 µm particle. Probability 
of capture for the 0.35 µm for the optimal flow policy and for a maximum flow are 
shown in panels C and D, respectively. Color intensity is proportional to the 
probability for a given segment for panels A and B and, because of the wide range of 




The color intensity represents the steady state solution of the Markov chain 
model. For the 3.5 µm particle, the ma=ximum flow led a 3.6-fold increase in deposition 
throughout the tree. However, as expected, there was little difference in deposition between 
optimal and maximum flow policies in the case of the 0.35 µm particle. 
 
 
Figure 3.6: (A) Probability of escape of particles, or escape fraction, plotted against 
the angle of rotation for the proposed optimal flow policy waveform and maximum 
flow waveform for several particle sizes. (B) The corresponding percent of maximum 
escape for all particles and flows as a function of angle. 
 
Figure 3.6A shows how the total escape probability depends on body orientation 
with respect to gravity for various sized particles. Total escape probability was much more 
sensitive to particle size than body orientation. Fig. 3.6B demonstrates the variations in 
relative terms: there was a 5% difference in escape for the largest particle between 
horizontal and vertical orientations. To study the effects of disease on deposition, a single 





Figure 3.7: (A) Flow distribution in the presence of airway constriction in a single 
segment (blue arrow). (B) Probability of capture for optimal flow policy 
corresponding to flows in panel A. The colors represent log of flow or log of 
probability. 
 
The flow into the subtended tree was drastically reduced (Fig. 3.7A) which resulted in 
virtually no regional deposition therein (Fig. 3.7B). 
 Additional sets of computational experiments were carried out to demonstrate the 
flexibility of the Markov chain model. Specifically, a closure pattern was implemented to 
generate a more realistic model of bronchoconstriction. Given a randomly selected tube, 
all of its children down to the periphery were closed. The corresponding flow distribution 





Figure 3.8: Flow distribution (Log Scale) in the presence of a more realistic closure. 
The flow is directed away from the region with the blockage in favor of lower 
resistances subtrees. 
 The more realistic closures were next set up to simulate the effects of delivering a 
bronchodilator over multiple breaths. The tube diameter was allowed to change from breath 
to breath proportional to the amount of expected particles to deposit in a given segment. 




matter how many particles deposited in a given segment the diameter never exceeds the 
maximum allowed. 
 
Figure 3.9: Change in total resistance as function of the number of breaths delivered 
for five different waveforms. 
 The change in tree resistance from breath to breath is largely dependent on the 
number of particles that deposit in the tree. Interestingly, the lowest inlet flow produced 
the smallest change in tree resistance since the least number of particles were concentrated 
near the closure. Alternatively, the largest inlet flow caused the fastest and largest decrease 
in resistance. 
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 In this chapter, we introduced a novel approach to study particle deposition in a 3D 
airway tree, and used it to determine the optimal flow policy that maximizes delivery at the 
terminal ends. The model is probabilistic and based on the concept of a Markov chain 
which requires an adjacency matrix with transition probabilities computed from the physics 
associated with the motion of particles along prescribed flows in rigid tubes. The model, 
together with our formulation of path escape and total escape probabilities, allows quick 
calculation of total and regional probabilities for particle deposition or escape throughout 
the entire tree. The main findings are that 1) the optimal flow policy provides the highest 
probability of particle delivery to the lung periphery, especially for larger particles; 2) for 
nanoparticles there is negligible impact of varying flow policy on peripheral particle 
delivery; 3) orientation of the tree with respect to gravity makes little difference in terms 
of escape rate, at least compared to the influence of particle size; and 4) a single airway 
closure significantly alters flow and deposition patterns. 
To explain these results, we note that in the first few generations, for particles in 
the micron size range, the risk of depositing by inertial impaction is significantly greater 
than by sedimentation or diffusion. Additionally, the trachea descends in the direction of 
gravity, and thus there is little penalty against escape for slowly traversing particles because 
there are no boundaries for sedimentation. In any segment that points in the direction of 
gravity, the risk of gravitational sedimentation is low, and thus moving too slowly carries 
little risk of deposition. Nevertheless, we cannot generalize from this finding since airways 




As the micron-sized particles move deeper into the airway tree, the flowrate 
decreases faster than the diameter, and thus larger flowrates can be applied without the risk 
of inertial impaction. Thus, a ramp-up policy involving low flowrates in the beginning 
while particles traverse the first few generations, followed by increasing flowrates as 
particles traverse the peripheral airways, appears to maximize the probability of escape into 
the alveolar space. However, certain airways possess lower optimal flowrates than other 
airways of the same generation number, depending on alignment with the gravitational 
field. 
The optimal flow policy for nanoparticles is slightly different. The risk of 
depositing by inertial impaction is nearly zero, since nanoparticles do not move fast enough 
to raise the Stokes number above one. Consequently, there is no reduction in the probability 
of escape when applying high flowrates throughout the airway tree. However, applying 
low flowrates reduces the probability of escape (Fig. 3.4B) as particles are captured due to 
diffusive forces. This is an important finding since current clinical practice is to inhale 
drugs slowly. Additionally, diffusion is unaffected by the orientation of the airways. Thus, 
body position does not matter much with respect to nanoparticles (Fig. 3.6) .The optimal 
policy for particle escape is to use the maximum flowrate throughout the delivery window 
during inspiration, to deposit particles as deep as possible into the airway tree. This 
partially explains why the maximum flow simulation and the optimal waveform exhibit the 
similar probability of escape (Fig. 3.4B).  
It is important to note that the optimal flow policies for the two different particles 




compared. Nevertheless, we can compare the deposition patterns corresponding to the 
maximum flow policy for the 3.5 µm (Fig. 3.5B) and the optimal flow policy for 350 nm 
particle (Fig. 3.5C) because the optimal policy for the latter is virtually identical to the 
maximum flow policy. It is evident that more micron-sized particles deposit in the airways 
than nanoparticles which have higher escape probabilities (Fig. 3.4) in agreement with 
experimental observations41. Larger particles deposit earlier than the nanoparticles and thus 
were found to have a quicker clearance time. Indeed, the maximum flow policy for the 
micron-sized particle produces a probability of escape <0.65 (Fig. 3.4A, black) whereas 
optimal flow policy reaches a probability of escape >0.9.  
The finding that the orientation relative to gravity had little effect on escape (Fig. 
3.6) may appear surprising. However, this can be explained if we consider that it is only 
the gravitational sedimentation that is dependent on the angle of the tube. After several 
generations the distribution of the orientations for the tubes becomes approximately 
uniform and hence no specific orientation is favored. Simulations were also carried out for 
mimicking an airway constriction that occurs in asthma (Fig 3.7). In this case, the flow 
from the narrows segment with high resistance is greatly redirected. Maximum flow polices 
are less efficient during such events and thus an optimal flow policy that deals with the 
additional risk or too high flowrates becomes more important. Exploring different flow 
policies warrants further studies to establish optimal flow policies for the diseased lung.    
To extend our approach to the optimization of particle deposition to a specific 
region of the airway tree, one only needs to use Eq. 3.3 and not sum overall paths. Once 




the drag force disappears and the particle settles by diffusion or gravity. In short, this 
requires minimizing the capture chance of the path before the desired segment and 
maximizing the capture chance by a breath hold once the particle arrives to the desired 
segment. For example, a flow policy for targeting the third generation of a tree involves 
minimizing deposition in the first two generations and then applying a breath hold 
maneuver to facilitate particle deposition. To our knowledge, constructing such optimal 
flow policies for maximum delivery has not been proposed to date. 
The modeling related to multiple breath as often used in hospitals or home settings 
revealed that the largest inlet flow was able to achieve the largest and fastest decrease in 
tree resistance. This is somewhat unexpected. The lowest flow allows large particles to 
follow streamlines and perhaps the particles cannot deviate too much. Since the resistance 
of a blocked segment is infinite, no flow reaches the closure. Alternatively, higher flows 
allow particles to deviate from the flow and impact in the bifurcation with a closure. For 
conjectures purposes, the most likely candidate that maximizes the drop in tree resistance 
in the situation where the constriction is uniform would be one that balances maintaining 
a large number of particles in the tree while also roughly uniformly distributing particles. 
The problem is further complicated by the fact that it is not enough to optimize the change 
in tree resistance in one step if one is considering a multi breath optimization. Most likely 
a projected cost of N number of steps would have to be worked out and maximized. It is 
likely that the resistance of the tree used in this set of experiments because only the first 
4397 segments were generated. 




symmetric bifurcating structure, flows are not symmetric at higher Reynolds numbers42 
when the flow is turbulent, which means that it will take time for the flow to recover to 
symmetry. This makes the distribution of particles non-uniform within cross-sections in 
the central airways, but the Reynolds number drops significantly past the first few 
generations. We also did not consider the irregular geometry of the upper airways. It is 
conceivable that the upper airways would significantly alter the optimal flow policy. Thus, 
the optimal flow policies we suggest are only for flow in the central and lower airways. 
Furthermore, the optimal flow policy considered only the independent optimization of 
generational segments. In an asymmetric tree and in the presence of turbulence and disease 
this may not provide the best flow policy and a global optimization including all segments 
simultaneously would be needed. We also neglected the fact that airway dimensions change 
during inspiration although this is not expected to significantly influence the conclusions. 
Additionally, flow partitioning did not take into account any differences in regional 
compliances at the end of the tree. Finally, the approach cannot provide exact locations for 
individual particles, only the probability of where they deposit.  Therefore, the 
trajectory of a particle does not cascade from one generation to the next. The assumption 
in the model is that every branch starts with a uniform distribution of particles. As particles 
transverse from a randomly orientated tube through a sequence of subtended randomly 






 The simplifications of the particle deposition to a probabilistic formalism was 
extended to accommodate a wide variety of geometric situations. A major finding was an 
explicit formulation for predicting regional deposition of particles to a specified region. 
This aim begins to illuminate towards finding optimal policies for minimizing capture. If 
a distributed location of targets a combination of different particle sizes could be 
implemented to increases regional deposition to specific generations of the tree. Optimal 
waveforms varying greatly for different particle sizes and geometric configurations, but 
the fundamental principles are remarkably similar. To maximize delivery to a given 
segment of a tree first the probability of capture is minimized over the preceding path, and 
once the particles have reached the desired location, gravity and diffusion are allowed to 
dictate particle motion. 
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Aim 3: Experimental methods for investigation of particle mechanics and feasibility 
of targeting strategies  
INTRODUCTION 
A standard physical model for investigating the effects of various ventilation 
strategies on regional particle deposition has not been adopted. Nevertheless, excellent 
work that motivated this aim has been conducted43–49 to address the need for experimental 
deposition studies but, each of these studies has limitations. Namely, experimental 
deposition studies are restricted to total deposition. Regional deposition can only be 
estimated but not directly measured without the destruction of the model. As a result, the 
measurement requires multiple models which adds to the variance of the regional 
deposition data. Additionally, no experimental data exists outside of studying the effects 
of Stk, particle size, or breathing frequency on regional deposition for physical models.  







The purpose of this chapter is twofold: first, to add to the existing repertoire of tools 
to study particle deposition and second, to investigate the targeting strategies that have 
been explored in previous aims. Previous chapters have dealt extensively with the interplay 
between allowing particles to be predominantly influenced by the drag force or, in the 




It is also further extended that blocked regions of the lung that experience close to no flow 
can be targeted using this strategy. This result can potentially help to treat patients by 
delivering drugs to locations of the lung that have been previously very difficult and 
inefficient to reach. 
Adding a breath hold to the inhalation protocol has been demonstrated to increase 
particle deposition in the clinic50,51; however, these studies lack information on regional 
deposition.  Computational models52–55 have been developed to explore this issue further 
but there is a lack of experimental results to confirm the theoretical studies. Experimental 
gravitational sedimentation of particles in inclined circular tubes has been reported56, but 
never conducted in bifurcating structures and never sampled at very low flowrates below 
10 ml/s.  Although breath hold and penetration volume were shown to have no effect on 
deposition in microgravity, breath hold length increased deposition in the presence of 
gravity57. Nevertheless, these experiments were difficult and required NASA’s 
microgravity research aircraft. Furthermore, the results were limited to total lung 
deposition without information on deposition into normal and blocked lung regions.  
In this chapter and throughout this thesis, it is hypothesized that if gravity and/or 
diffusion enhances deposition during the breath hold, then targeting specific regions of the 
airways for drug delivery is possible by adjusting penetration depth during inhalation. 
Accordingly, there are two specific aims of this chapter: 1) design a general platform that 
allows easy and accurate characterization of regional deposition in a reusable airway tree 
model system, and 2) determine whether gravity or diffusion is the main contributor to 




airway tree model in which regional deposition was determined in every branch via 
precision weighing was developed. Next, using a mechanically ventilated model, nebulized 
fluid particles were delivered to the model and a short breath hold at the end of each 
inspiration was introduced, which should allow sufficient time for gravity or diffusion to 
influence deposition.  
 
METHODS 
Design of an airway tree assembly 
For a proper regional deposition study, it is necessary to be able to accurately 
measure deposition in each segment of the model tree. The basic design requirement is to 
be able to divide the model into separable segments. Previous work required the model to 
be cut up after ventilation45,46 and discarded after data collection. Stereolithography, 3D 
printing of acrylonitrile butadiene styrene (ABS), in combination with union junctions 
allows for the creation of a bifurcating structure that can be partitioned into individual 
segments while still maintaining reusability. Other studies have used 3D printing to 
investigate particle deposition47,49 but not without sacrificing the regional deposition data.  
The system developed here should then be able to provide reproducible regional deposition 
measurements. The geometry of the symmetric model tree, including length and diameters 
at successive generations have often been utilized in model studies after work done in triple 
bifurcating structures13,58,59. The tree used in this study used the values in Table 4.1. The 
parent to daughter diameter ratio was specifically altered to keep the Stk constant across 




Table 4.1: Geometric description of the symmetric tree 
Starting Diameter 10mm 
Parent to Daughter diameter ratio 2(-1/3) 
In-plane bifurcation angle 80° 
Bifurcation plane rotation angle 30° 
Length 3.5*Diameter 
Radius of Curvature 5.4*radius 
Carinal Radius of Curvature .1*Diameter 
 
 A separable bifurcation pattern allows for quantification of deposition in individual 
segments. Each segment was sealed together by a union junction and fitted with an o-ring 
to ensure air tightness. This approach was applied to generate a 4-generation tree model 






Figure 4.1: An example image of the symmetric model pieces also showing the 
nomenclature for the labeling of different segments. The “1” designates a left branch 
and the “2” designates a right branch. Additionally, not shown in the image, were 
filter papers covering each of the terminal bifurcations. The LL designates the weight 
of the filter across the left most quadrant terminal ends, LR the left right quadrant, 
RL the right left quadrant, and RR on the right most quadrant. 
 
The trachea was labeled as generation 0, the first bifurcation was labeled as 1 and 
all subsequent bifurcations were given an additional 1 or 2 depending if they branched left 
or right, respectively. The entire model was then sealed in a chamber and thus stabilized 
by fixing the model in its position. Furthermore, the volume of the chamber was calculated 
to provide a gas compression compliance to mimic tissue compliance61. Cartilaginous rings 




to the trachea was fitted with rings using the protocol outlined by Zhang and Finlay62 which 
matches average physiological measurements. Finally, the inside of the model was coated 
with a polymer, Pluronic-F127 that provided a hydrophilic surface mimicking the air-liquid 
interface lining the airways. Specifically, this diblock copolymer (Pluronic-F127) is 
composed of a hydrophobic segment (e.g., polypropylene glycol) that binds to the ABS 
plastic of the airway model and a second hydrophilic segment (e.g., polyethylene glycol), 
which extends from the surface to create the hydrophilic surface.  
 
Measuring deposition 
A small animal ventilator flexiVent FX Module 4 (Scireq, Montreal, Canada) 
equipped with a nebulizer was used to deliver and nebulize phosphate buffered saline 
(PBS) solution to the airway model. An aerodynamic particle sizer spectrometer was used 
to characterize particle size by sampling 186,251 particles. The mean particle diameter 
using this method was determined to be 3.22028 μm. Nebulized particles were also 
deposited on a glass slide and imaged to obtain a distribution of deposited droplet 
diameters. Using the relationship between the contact angle of the slide and the droplet63,64, 
the volume of each droplet was determined which enabled the estimation of individual 
particle diameters. After sampling 5536 particles during two independent trials, the mean 





Figure 4.2: A) Particles imaged using a bright field microscope. The particles were 
nebulized onto a glass slide and by knowing the contact angle between glass and water 
the volume of each droplet was determined from which the droplet diameter was 
computed.  B) Distribution of particle diameters. 
Figure 4.2 shows an example of particles captured under 20x magnification and the 
corresponding particle size distribution. Additionally, Table 4.2 provides an estimate of the 
particle sizes listed by the manufacturer.  
Table 4.2: Particle characteristics 
As measured with the Andersen Cascade Impactor: 
Specification Range: 1-5 µm 
Average Tested: 3.1 µm 
As measured with the Marple 298 Cascade Impactor: 
Specification Range: 1.5-6.2 µm 
Average Tested: 3.9 µm 
 
An analytical balance with 0.0001 gram precision (Adam Equipment PW 124) was 
used as it is an effective and reproducible method for deposition studies47. Filter paper was 
added to cover the end terminals to measure how much aerosol was escaping from each 
quadrant labeled LL, LR, RL, and RR. To clarify, LL, LR, RL, and RR are not part of the 





and the filter papers before and after ventilation enabled quantification of the amount of 
particles deposited into each segment and exited through the terminal branches of the 
model. Hence, the total capture rates, the sum total deposited in the tree divided by the sum 
total in the tree plus everything that escaped, were determined. The models were only 
handled when gloves were worn, as any residual oil from the hands could alter the weight 
of the model pieces. To establish a baseline weight, each segment was fully cleaned and 
dried before each trial, which was run by comparing the weight before trial to the initial 
post-printed weight. In between each trial, the model was soaked in a beaker containing 
deionized water for five minutes. The pieces were then whisked, placed on aluminum foil, 
and placed in an oven at 57° Celsius for a minimum of six hours. The temperature was 
determined to be enough to rid the model of any residual PBS while remaining well below 
the glass transition temperature of the material. After the model was removed from the 
oven, compressed air was run through to remove any residual particles.  
 
Ventilation of the model 
The model was ventilated in the sealed chamber. The flexiVent was configured 
such that the nebulizer output rate was set at 0.79 mL/min with a 9.43% delivery ratio, 
which is the percentage of the generated aerosol that gets delivered to the subject during 
an inhaled challenge. The nebulizer was recalibrated every 24 hours. Additionally, the 
ventilation software required pressure calibration approximately every week, which was 
done by characterizing the pressure when the system was closed and when it was open. 




and tubing was attached to the model from the ventilator. The PBS solution contains denser 
particles than pure water, which resulted in slightly higher values for Stk, as well as the 
ability to easily measure and clean the system as the non-evaporated salt particles dissolved 
in the pure water solution. 
Using the protocol outlined above, within the flexiVent software, three types of 
trials were run. For the first set of experiments, conventional ventilation was applied with 
a 10 mL or 20 mL tidal volume at 90 breaths per minute. The corresponding Stk and Re 
numbers throughout the model are given in Table 4.3 for the two waveforms.   
 
Table 4.3: Flow pattern Characteristics 
Parameter 10 mL 20 mL 
Re Start of Bifurcation 1 811 1622 
Re Start of Bifurcation 2 510 1022 
Re Start of Bifurcation 3 322 644 
Re End of Bifurcation 3 Outlet 203 406 
Stk Start of Bifurcation 1 0.00525 0.01051 
Stk Start of Bifurcation 2 0.00525 0.01051 
Stk Start of Bifurcation 3 0.00525 0.01051 
Stk End of Bifurcation 3 Outlet 0.00525 0.01051 
 
 
For the second type of experiments, a breath hold ventilation was applied with the 
same waveform as the 10ml and 20 ml conventional ventilation but with a 4-second pause 
placed at the end of each inspiratory cycle. The tidal volumes were chosen to direct 
particles past the trachea which had a total volume of approximately 10 ml.  Finally, in 
order to test the efficacy of delivery strategies in a heterogeneous airway tree, half of the 




was closed to mimic airway closure. The effectiveness of a breath hold strategy to reach 
blocked areas was determined. 
After the nebulizer ran for 15 minutes for each trial, the model was carefully 
removed from the chamber. The model was then deconstructed, and each part individually 
weighed, with the post-trial weights being recorded. Each set was repeated 5 times, which 
was found to be sufficient since the system provided highly reliable and reproducible data.  
Finally, still photographs of the nebulized particles were captured by implementing 
a particle visualization system. A DSLR Nikon camera was used to capture still 
photographs. The pictures were taken in burst mode at a rate of 5 frames per second. All 
photographs had to be captured in the dark with a single spot light adjusted to minimize 
noise in the photographs. 
 
Statistical analysis 
The fractional weight gain of each segment, the weight after ventilation minus the 
weight before ventilation divided by the weight before ventilation, was compared between 
ventilation types, using a one sample t-test after determining with statistical accuracy that 
the sampled data came from a normal distribution. Within a given ventilation mode, 
regional deposition was compared among several segments using one-way analysis of 






For the breath hold experiments, the majority of the fluid droplets, >50% of 
fractional weight, were deposited in the nebulizer attachment for both conventional and 
breath hold ventilation (Fig. 4.3, Fig. 4.4).  
 
Figure 4.3: Deposition pattern and a zoomed in view of the segments with significant 
differences for the 20 ml tidal volume case with both conventional (CV) and breath 
hold (BH) ventilation. Statistically significant changes occurred throughout the tree. 
At the third generation, bifurcations 111 – 122, deposition during breath hold 
ventilation increased 4-fold. Additionally, the % of particles exiting the model was 
statistically higher in the breath hold case than in the conventional ventilation 
(p<0.0001).  Deposition in the nebulizer attachment tube was also lower by 19% 
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Figure 4.4: Deposition pattern and a zoomed in view of the segments with significant 
differences for the 20 ml tidal volume case with both conventional (CV) and breath 
hold (BH) ventilation. Statistically significant changes occurred throughout the tree. 
At the third generation, bifurcations 111 – 122, deposition during breath hold 
ventilation increased 4-fold. Additionally, the % of particles exiting the model was 
statistically higher in the breath hold case than in the conventional ventilation 
(p<0.0001).  Deposition in the nebulizer attachment tube was also lower by 19% 
(p=0.0002) following BH.  
 
As the insets in Figs. 4.3 and 4.4 show, the deposition pattern was qualitatively 
different between the two ventilation modes at a tidal volume of 10 mL with the breath 
hold ventilation being able to significantly alter the deposition pattern. The results were 
similar for the 20 mL tidal volume case (Fig. 4.4). Breath hold ventilation for both the 10 
mL and the 20 mL were significantly different from conventional ventilation counterparts 
in both the nebulizer attachment and all generations of the model tree (p<0.0001). The 10 
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ml conventional ventilation saw a 7-fold increase in deposition at generation two when 
compared to its 10 mL breath hold generation two counterpart (p<0.0001). The 20 mL 
breath hold maneuver lead to a significant three-fold increase of deposition in the second 
and third generation when compared to the 20 mL conventional ventilation counterpart 
(p<0.0001). It is interesting to note that the fractional deposition at LL, LR, RL and RR 
were not statistically different at 10 mL, but significantly different at 20 mL (p<0.0001). 
 The results in Figs. 4.3 and 4.4 demonstrate that in this model system, diffusion 
and/or gravity enhanced by a short breath hold pause in inspiration significantly altered the 
deposition pattern. To answer the question whether gravity or diffusion was the dominant 
mechanism governing the motion of micron sized particles in the absence of fluid flow, we 
imaged a bolus of fluid exiting a segment (Fig. 4.5).  
 
 
Figure 4.5: Time evolution of the nebulized particle motion. Calipers were placed 
inside the chamber to give the photograph a sense of scale. The time between each 
frame is a third of a second and each still image captured was super imposed to the 





The series of images demonstrate that the bolus immediately after exiting turned down and 
reached the terminal velocity suggesting strong gravitational effects on particle motion. It 
is also interesting to note that the head of the bolus widened in time due to diffusion. 
 Since the breath hold ventilation influenced deposition in distal regions of the 
airway model, we tested whether this gravity-induced approach of particles toward the tube 
wall could be utilized to target blocked regions in the model tree. New 3D printed 
bifurcations of 121 and 122 with complete blockage at there end were fabricated to conduct 
this new study. 
 
 
Figure 4.6: Fractional deposition in the symmetric tree in the presence of blockage. 
The generation number follows the nomenclature of Fig. 4.1. All data points in the in 
the inset graph, excluding the blocked filter papers, are statistically (P<0.001). 
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Comparing conventional ventilation to breath hold in Fig. 4.6, the blockage of the right 
half of the outlets increased escape rates in LL and LR (the left and right quadrants of the 
left half of the tree, respectively) during both conventional and breath hold ventilations by 
more than 30%. Notice that the symmetry was now broken and the escape rate was higher 
in the LL than LR exit. Most importantly, however, the blocked segments 121 and 122 




The main results of this chapter are as follows: 1) a reusable model was developed, 
which allows characterization of various ventilation and drug delivery approaches on 
regional particle deposition with high accuracy and reproducibility; 2) inclusion of a breath 
hold at the end of inspiration enhances deposition in a tree structure with blockages 
mimicking airway closures; and, 3) photographic evidence that the mechanism of 
deposition of ~3-micron water droplets during breath hold appears to be gravity-driven 
particle motion.   
Before the physiological implications can be highlighted, the limitations of the 
chapter must be discussed. First, the airway tree was limited in size to 4 generations due 
primarily to the precision of the 3D printing, which in our case was 0.1 mm. While future 
3D printers will no doubt improve on the resolution allowing more generations, studying 
certain aspects of delivery approaches can still be achieved using trees of only a few 




platform that can be used to investigate fundamental ventilation strategies in a geometry 
reminiscent of the classic Weibel airway tree65. The flexiVent could only produce flowrates 
that are on the lower end of human breathing, which is why gravitational sedimentation 
was investigated. Larger flowrates would enable studying inertial impaction; nevertheless, 
the flowrates produced by the flexiVent were similar to those used in a previous 
experimental work 56 and this allowed us to study regional deposition. The walls of the tree 
were rigid due to the manufacturing technique. However, changes in airway 
circumferential strain throughout the bronchial tree during quiet breathing was estimated 
to be less than 5% 66; hence, flexible walls are unlikely to have a major effect on deposition. 
The model in its current form is not physiologically accurate. However, once symmetry is 
assumed in any lung model, accuracy is not achieved. Nevertheless, even without accurate 
geometry, the model is still useful for investigating the mechanisms of deposition during 
breath hold. The flow distribution in the real lung is likely different than in the model 
system due to the lack of more generations and proper asymmetry. While adding all 
generations is technically not feasible as mentioned above, asymmetric models can easily 
be designed and manufactured. The results obtained with blocked segments is one example. 
While the condition of reusability made the model somewhat cumbersome, it also allowed 
precision weighing of all segments, which in turn reduced the variability of regional 
deposition quantification significantly, often below 1%. Thus, the platform developed here 
can be used to produce highly reproducible results and hence detect small differences. 
Additionally, the exchange of water mass between droplet and gas phases was explored as 




the weight was recorded every minute for 20 minutes. The weight decreased linearly with 
time and linear regression provided a slope of -0.0002 grams of PBS lost per minute (R² = 
0.9815). During experimental trials, all segments of the model were weighed within 5 
minutes and model segments were weighed in the same order. We estimated that this rate 
of evaporation between droplet and gas phases did not alter the statistical significance of 
the regional deposition data. 
The results also support previous research. Specifically, the observation that the 
majority of particles settle in the upper airway structure45, which was represented in this 
chapter by the nebulizer attachment tube (generation 0 in Figs. 4.3, 4.4 and 4.6), is 
quantitatively reproduced here. As the flow enters the nebulizer attachment, it is turbulent 
and unstable with a small Stk (see Table 4.3) suggesting that the particles follow the fluid 
flow and often hit the wall producing high deposition. Thus, any attempt at targeting the 
deeper generations of the respiratory system must consider the loss of particles as the flow 
goes through the mouth, larynx, trachea, and primary bronchi. Further data collection 
relating to the differences in deposition due to flow patterns will most likely continue to 
yield the highest levels of deposition in the nebulizer attachment. A possible explanation 
for the high fractional deposition in the nebulizer attachment is that the nebulizer 
attachment has the largest surface area of any segment and thus, can have larger changes 
in weight. Also, the angle between the tubing connection and the nebulizer attachment was 
90 degrees, which could result in mixing while the flow adjusts to the tube. Thus, the 
accuracy and reproducibility obtained here is necessary in order to be able to find 




various ventilation strategies.  
The above finding will aid in addressing key issues faced in inhalation drug 
delivery, cancer radiology, and toxicology67. In the case of drug delivery, the lungs are 
increasingly being viewed as an ideal route for drugs to enter the circulatory system. 
However, because minimal information is known about where the particles land in the 
lungs and how much of the particles are captured, it is difficult to rationally fine tune 
dosage67. Moreover, the ability to finely control dosage plays an economic role. Inhalers 
for people with asthma emit high dosages of medication into the lungs to alleviate the 
asthmatic condition. The reason for this high dosage is because most of the drug remains 
in the upper airways, unable to penetrate deeply into the lungs. In this context, it is 
important to note that our breath hold ventilation strategy significantly lowered the 
deposition by 23% in the nebulizer attachment tube. Furthermore, the breath hold results 
in Figs. 3 and 4 also suggest that specific regions of the tree may be targeted by altering 
the inspiratory volume. While the effect of penetration depth has been explored 
previously50, to our knowledge, this is the first study that examined regional deposition 
with high accuracy during breath hold.  
A major issue with drug delivery in both chronic obstructive pulmonary disease 
and asthmatic patients is related to the fact that airway closure makes the corresponding 
pathway resistance approach infinity (not considering gas compression and wall 
compliance). Since local flow is inversely proportional to local pathway resistance, flow is 
directed away from such regions at upstream bifurcations68. Furthermore, global flow 




varying patterns of flows and closures69, which result in highly inefficient drug delivery 
because these constricted and blocked  airways are the regions that drugs need to be 
delivered to. The breath hold strategy employed here succeeded in enhancing delivery into 
segments that were blocked because deposition in the blocked segments 121 and 122 were 
3 times higher than without breath hold. Such an increase in targeted delivery into highly 
constricted or fully blocked airways may significantly improve bronchodilation of patients 
suffering an asthma attack.  
Although gravity has been demonstrated to play a key role in deposition using 
microgravity57,70, our results in Fig. 4.5 represents the first visual characterization of 
particle motion in the absence of fluid flow. These images suggest that during a breath hold 
maneuver, when there is no fluid drag force, gravity is the dominate mechanism since 
particles move downward quicker than they diffuse radially. It is likely therefore that the 
blocked regions of the model were targeted better during a breath hold maneuver, when 
compared to conventional ventilation, since their trajectory is in the downward path of the 
direction of gravity. Diffusion also likely contributes to exploring different regions of the 
model during breath hold, but gravity at this sized particle appears to be the dominate force 
based on the visual evidence. The images in Fig.4.5 suggest that the particles exiting the 
tube immediately changed velocity direction due to gravity and the low Stk number. 
Nevertheless, the front of the bolus falling at constant terminal velocity was noticeably 
widened from frame to frame implying diffusion also affected particle motion. Therefore, 
if smaller particles are used, diffusion should also enhance delivery during breath hold. 




deposition. The low variability and high reproducibility found in our model allows testing 
of various ventilation strategies and their effects on regional deposition as well as the 
mechanism of deposition. These findings thus support the adoption of the model across 
relevant research fields. Finally, from a modeling perspective the breath hold strategy is 
significantly better than conventional methods in targeting regions. While these deposition 
results are very promising further experiments will be needed to confirm their application 
to biological systems.  
 
CONCLUSION 
 The experimental methods of this chapter link back to the central thesis by ways of 
testing the identified mechanisms by which particle transport can occur and using it to 
formulate a targeting strategy. Namely, it was noted that there was a lack of low flow 
experiments in the literature and thus there was merit for further experimentation19,56,70,71. 
The major finding is that in the absence of fluid flow the motion of particles of micron size 
are predominantly directed by gravity. Previous chapters demonstrate that as the flow 
decreases gravitational probability and diffusive probabilities of deposition increase in 
importance. This finding was extended one further step and it was hypothesized that 
allowing a particle motion to be not controlled by flow would facilitate transport into areas 
of branching structures that had little to no flow. Experimental evidence supported this 
claim and a low flow targeting strategy for delivery to blocked regions is a major finding 
of this chapter.  




results of directing particles to blocked regions of the model by using a breath hold. The 
widely accepted model uses limiting trajectories and sedimentation line for prediction of 
particle location, but all predict that a particle with no flowrate will deposit in a given tube, 
except for the 90 degree horizontal case25. There has been no experimental evidence to 
verify these models at extremely low flowrates nor did the seminal work sample at theses 
flowrates. The data and photographs are suggestive of opening back up the discussion of a 
correction to current formulations. Well out of the scope of this work, future work would 
aim to address and incorporate this new data into existing models.  
 The other major contributions of this chapter are techniques to visualize particle 
motion, image particles, and investigate particle deposition. Two developments were most 
important: a low variability and reusable method for investigation of particle deposition in 












Figure 5.1: Simple simulation of a multigenerational bifurcating structure showing 
asymmetric flow. Notice how the flow becomes “squished” at the first bifurcation 
which cascades down to further generations. 
 
  The interplay between bifurcating geometries and fluid flow are an ever-present 
pattern in nature. The heart pumps blood through veins and air flows through the branching 
airway structures. Fascinatingly, as Figure 5.1 demonstrates, even in a symmetric 
bifurcating structure asymmetric flow distributions can occur at high flow rates due to flow 
becoming inertial42. Previous chapters have neglected inertial flow in favor of using the 




resistance model is largely utilized in the literature71,73–79, but further investigations are 
merited. Specifically, while the linear resistance-based airway function characterization is 
wide-spread, to our knowledge, no study has investigated the extent to which the 
corresponding flow distribution is valid in an asymmetric tree model. Hence, in this 
chapter, a computational study was carried out to assess the validity of the downward 
resistance for calculating flow distribution.  
 There are many excellent computational fluid mechanical models, but there is a 
lack of experimental methods to verify and test such models in complex geometries. 
Therefore, to gain better insight into how fluid flows influence particle motion, and a 
physical platform was developed to estimate the terminal flow rates of lung like structures. 
Specifically, 3D printing has given rise to the ability to rapidly generate and manufacture 
complex objects. There have been a few experimental studies that observe asymmetric flow 
in symmetric pathways80,81,82 and while computational 2D models42,83 have been used to 
predict symmetry breaking in the flow distribution, no experimental platform has ever been 
developed to verify the presence of asymmetric flow in complex branching structures. This 
chapter has two subsets of experiments. First, physical experimentation of a symmetric 
bifurcation is undertaken to demonstrate the effects that asymmetric flow could have in 
terms of flow distribution. Second, computational experiments are carried out in the same 
geometry utilized in Chapter 3 to investigate the possible effects that inertial flow could 
have on the existing Markov formulation of particle transport and deposition. The results 






 A self-similar branching geometry was chosen and is modeled after generations 3-
6 of Weibel’s symmetric airway tree84  which can be seen in Fig. 5.2. All dimesions for the 
model are given in the the table below.  
 
 
Figure 5.2 A cross-section detailing the entire internal cavity of the 3D printed 





Table 5.1: Summary of all dimensions of the internal cavity. 
L1 = 0.0815 m (This length is extra-long so that flow becomes well developed 1st 
generation) 
L2 = 0.0375 m (length of the channel in the 2nd generation) 
L3 = 0.01985 m (length of the channel in the 3th generation) 
L4 = 0.01575 m (length of the channel in the 4th generation) 
L5 = 0.0125 m (length of the channel in the 5th generation) 
 
d1 = 0.00675 m (diameter of the channel in the 1st generation) 
d2 = 0.00534 m (diameter of the channel in the 2nd generation) 
d3 = 0.00424 m (diameter of the channel in the 3th generation) 
d4 = 0.00338 m (diameter of the channel in the 4th generation) 
d5 = 0.00262 m (diameter of the channel in the 5th generation) 
 
theta2 = 90 degrees (angle between channels in the 2nd generation) 
theta3 = 74 degrees (angle between channels in the 3th generation) 
theta4 = 60 degrees (angle between channels in the 4th generation) 
theta5 = 60 degrees (angle between channels in the 5th generation) 
 
Experimental setup 
In Solidworks, first the internal cavity was generated and then a larger outer shell 




from the outer shell to create a hollowed branching structure. The file was then converted 
to a stereolithography Stl file so that it could be imported for both manufacturing and 
simulations purposes. The mesh was fabricated using 3D printing at Boston Universities’ 
engineering product innovation center out of ABS. It required several days in corrosive 
bath to remove all the solid internal support. 
 
To the outlets of the model brass inserts were attached to 90-degree elbow PVC 
piping, and to that the flow sensors were screwed on. Teflon was wrapped around the pipe’s 
threading to insure an airtight connection. The flow sensors were then plugged into the 





Figure 5.3: Experimental setup used to measure flow out of the terminal ends of the 
3D printed structure. The connection of the model goes 3D printed outlet, brass insert, 
elbow pipe, flow sensor. 
Paddle wheel flow sensors that detect the rotation of the rotor by a Non-drag Hall-
effect sensor were attached to the outlets of the model. Data were acquired and quantified 
using LabVIEW to get flow distribution at the terminal ports. The model was attached to a 
cylinder of Air Dry, AI D300, from Airgas via tubbing and a range of flow parameters 
were tested. The pressure regulator allowed for control of the inlet flow speed such that the 
initial conditions of the experiment could be repeated. 
 Using weighing, when selecting water as the fluid, was also found to be an effective 
method for determining flow distribution. Water was sampled for 30 seconds out of each 




Measurements were sampled multiple times for each outlet and interestingly the results 
were relatively low in variability.  
An additional program was written in LabView to calibrate the flow sensors. Before 
attachment to the pressurized cylinder of air, each of the 16 flow sensors were individually 
calibrated using a 3-liter, hand-operated collaboration syringe. The total flow during the 
operation of the calibration syringe was measured, and a calibration value was assigned to 
the total output flow to normalize it to 3 liters. After calibration, the device was assembled. 
The flow sensors were attached to the terminal ends of the bifurcating model.  
 During experimentation it was noted that using an individual flow sensor produced 
superior results due to variance among purchased flow sensors and thus the data was 
chosen to be generated using a single flow sensor. Flow sensors were attached to all outlets 
during measurement to ensure a consistent resistive load. One at a time, each nonconnected 
flow sensor was replaced with the single measurement flow sensor. Once the measurement 
was taken the nonconnected flow sensor was replaced onto the outlet. This was repeated 
for each outlet in the entire tree.  Additionally, WD40 was applied to the bearing of the 
paddle wheel which improved the quality of collected data.  
 
Computational methods 
 Flow patterns through a cascade of bifurcations were simulated by solving 3D 
Navier-Stokes equation. The Turbulent Flow, k-ε interface in Comsol multi physics 5.4 
was used for simulating single-phase flows at high Reynolds numbers. This physics 




less than 0.3. The Mach number is the ratio of the fluid speed to the speed of sound. For 
the Turbulent Flow, k-ε interface the equations solved are the Navier-Stokes equations for 
conservation of momentum and the continuity equation for conservation of mass.  
 The conducting region of the geometry used for Chapter 3 was imported and 
constructing in Comsol multiphysics 5.4. It included the first 67 segments of the 
asymmetric tree and can been see in fig 5.4. 
 
Figure 5.4: The geometry used to investigate the influence of inertial flow. This tree 
was generated using the Kitaoka method37 and exported using the software paraview.  
 
 To obtain the total velocity at each segment required defining cross-sections of 
every segment of the geometry in order to calculate flow at each point of interest. Circles 




 Let ?⃗?	(a1,a2,a3) and 𝑏Î⃗ 	(b1,b2,b3) be two unit vectors perpendicular to the vector 
that points along the segment 𝑣. Let (c1,c2,c3)  be the desired center point of the circle. In 
the case of this problem the center point of the circle was halfway along the centerline of a 
segment. (If 𝑣=(v1,v2,v3) is a unit vector in the direction of the segment starting at the 
center point, one can choose ?⃗?=(a1,a2,a3) by solving ?⃗?⋅𝑣=0, scaling a to make ∥?⃗?∥=1, then 
letting 𝑏Î⃗ 	=?⃗?×𝑣.) Now ?⃗?	and 𝑏Î⃗  will define a plane on which the circle can be drawn.  
 Then for any r and θ, the point (c1,c2,c3)+rcos(θ)(a1,a2,a3)+rsin(θ)(b1,b2,b3) will 
be at distance r from (c1,c2,c3), and as θ goes from 0 to 2π, the points of distance r from 
(c1,c2,c3) on the plane containing (c1,c2,c3) perpendicular to the axis will be traced out. 
Thus, the parameterization of the circle of radius r, the radius would be equal to half the 




A Circle of arbitrary orientation is shown in Fig 5.5 A flow profiles are plotted on the area 






Figure 5.5:  A circle of an arbitrary diameter is drawn. The plane that it is defined by 
is determined by vectors 𝒂Î⃗	and 𝒃Î⃗  
 
Figure 5.6: Velocity plane plots for each of the circles of interest. A more red color 








 Of all the flowrates tested the following inlet Reynolds numbers were deemed the 
most physiologically relevant for direct comparison with the Markov model: 0.56, 1.78, 






where 𝜌 is fluid density, 𝑢 is the flow speed, L is the characteristic length of the segment 
and 𝜇 is the dynamic visocity of the fluid of interest. Higher Reynolds numbers were tested 
as well. After the flow rate for each segment of the asymmetric tree was solved, the flow 
rate was directly plugged into the Markov Chain for particle deposition simulations.  
In addition to visualizing the difference between the two methods for determining 
flow in the computational study and comparison of whole lung statistics, a method to 
quantify the regional difference, taken from another article86, was implemented. Each 
steady state probability for the entire tree was converted into a vector and normalized such 
that each vector’s magnitude was one. For example, if a tree consisted of five members 
each with an even distribution of particles its vector would be [.20 .20 .20 .20 .20]. Two 
vectors are generated, one for the CFD based results and one for the resistance based flow. 
Next, the inner product of both vectors was taken to assess the relationship between both 
the CFD derived probability for deposition probability of every segment in the tree and the 
tree resistance probability for every segment in the tree. This was repeated for both a linear 







 Experimental results for both the water and the air are plotted on Fig 5.7. Each flow 
rate is given as a fractional of flow, or the total portion of the flow exiting the outlet. The 
numbers of the outlets correspond to labeling the outlets from the most top left position 
and proceeding in a counterclockwise motion. Asymmetry of flow distribution was present 
in both of the Reynolds number tested. Reynolds number was calculated by using Eq. 5.1 
but altering the dynamic viscosity based on the material used. If all flows were evenly 
distributed, all fractional flow percentages would be at .0625. 
 
Figure 5.7: Average fractional percent flow velocity out of each of the 16 outlets for 
the 3D printed bifurcating structure. 
Water Experiments (Re~10) vs Air (Re~4000) 
Outlet Number
























 For both Reynolds numbers 4 peaks were present. This corresponds to paths most 
in line with the orientation of the root of the bifurcating network. The water experiments 
at Reynolds number 10 produced significantly lower variance than the air experiments at 
Reynolds number 4000. Conversely the segment that received the least amount of flow had 
the greatest change in angle from the root. 
 
Computational results 
Comparison between CFD and Markov Chain Results 
 A representative image of the flow profiles in the asymmetric tree is shown in Fig. 
5.8. 
 
Figure 5.8: Examples of asymmetric flow in an asymmetric structure. Panel A 
Velocity contour plots for multiple planes sliced along the xy plane. The quicker the 






20 different Reynolds numbers were simulated and the flow distribution out of each 
of the segments were plotted as a function of the inlet Reynolds number. The surface 
integral of total flow was computed, so that the flow at each segment could be determined. 
This way the inertial effects of the entire geometry could be accounted for. A comparison 
is made between the physiologically relevant flows predicted by both the downward path 
resistance model and the CFD model are shown in Fig 5.9 
 
 
Figure 5.9: Error, the fraction difference between CFD predicted flow and resistance 
predicted flow, is plotted on both graphs. For the first graph (A) this this error is just 
the error between CFD flow and resistance predicted flow. B is normalized by the 
percent of total flow in that segment. A 20 percent error region is plotted in gray.  
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 The flow was normalized by the relative amount of flow in the segment as this 
represents that actual chance that a particle’s motion visits that segment. This is much 
closer to the actual parameter of interest, the deposition probability, which is shown in 







Figure 5.10 Steady state probabilities of capture for the highest error case, 
Re=12131. The log of the probability is displayed on the top and the actual 
probability is given below. The left and right columns correspond to linear 
resistance based flows and CFD-based flows, respectively.  
 
When looking at an individual parameter that describes whole lung deposition such 
as predicted particle escape, the difference between CFD and resistance flow resulted in 




particle. Errors are shown in Table 5.2. 
Table 5.2: Direct comparison between CFD and Resistive flow using Markov Chain 
total lung deposition prediction. All Escapes are given as fraction of total particles 
escaping. 









0.001 0.148 0.58 0.82 0.934 0.956 0.961 0.961 0.948 0.916 0.839 
% ERROR 0 5.4 3.4 0.10 0.40 0.10 0.20 0.10 0.10 0.65 0.95 
            
 
The inner Products for the direct comparison both the log of the regional probabilities for 








Figure 5.11: Linear relationship between predicted probabilities for a 3.5 micron 
sized particle are shown in figure A. Inner product for both log and linear relationship 
for a 3.5 micron and a .35 micron particle are shown in figure B. Just the linear 
relationship is shown in figure C but zoomed in showing the majority of the data.  
 
DISCUSSION 
 In this chapter, an experimental platform to investigate asymmetric flow in complex 
structures was developed. It was interesting to find the presence of 4 peaks compared to 
the two peeks predicated by 2-D simulations42. It is hypothesized that presence of 4 peaks 
in the 3D model has to do with the additional surface area allowing the buildup of frictional 





amount of inertia. Angles had to be slightly altered in order to accommodate 16 individual 
flow sensors. Additional lengths with substantially larger volumes were immediately 
placed after the terminal ends of the model. These were placed to accommodate space for 
the 16 flow sensors. 
 Additional simulation where carried out for the symmetric tree but not by the author 
of this dissertation. Thus, it was decided to include them in the discussion section but are 
shown in Fig. 5.12. In general, there was good agreement between experimental results and 
computational work. 
 
Figure 5.12: Flow rate distribution in the 8 outlets, which represent half of all exits in 
a tree with 5 generations, see Fig. 1, for different Reynolds numbers in the case of a 
two-dimensional (a) and a three-dimensional (b) tree. The output flow rate, G, is 
normalized by the inflow rate, G0, in the trachea. For the three-dimensional case, the 
graph also shows the result measured experimentally for a high Reynolds (black 




 Furthermore, a direct comparison between existing methods of computing flow and 
resistance-based methods was performed (Fig. 5.9). Based on the analysis performed, there 
is relatively strong agreement between particle deposition predicted by the two methods 
(Fig. 5.10). There is clearly a strong relationship between both variables as evident by 
relatively high inner products. Since the two vectors are normalized to unity, the closer the 
inner product is to one the closer they describe each other. The inner product in this case 
is just a nonspecific description of overall agreement. For direct comparison of 
discrepancies, one need to consult the visual evidence presented in Fig. 5.10 which 
suggests that the overall probabilities of capture reasonably agree from resistance- and 
CFD-based flow calculations.  
 As for the relationship between the CFD derived data and the resistance flow 
method, the comparison opens up the discussion about what claims can be made with 
regards to particle deposition prediction. While there does appear to be large discrepancies 
between the well-established method of predicting flow in the lungs by downward path 
resistance (Fig. 5.9), the CFD derived flow’s overall impact on particle deposition is minor 
(Fig. 5.10). Certainly, from a statistical standpoint, the Markov chain does an excellent job 
of predicting particle deposition with small discrepancy. This is likely because the 
probabilistic approach used is not overly sensitive to small perturbations in flow rate. Based 
on the results in Fig 5.9 most commonly the results of asymmetric flow are as follows: One 
segment of the tree becomes overly favored due to inertial effects, but this increase in flow 
is compensated by a relatively small decrease in flow by multiple segments. At lower 




to subdivision being more dominant than the increase in velocity due to shrinking diameter 
and thus particle deposition is not overly impacted by a change in flow rate. Similarly, 
since the variation in flow due to inertial effects closer to the root is spread out among 
multiple pathways deeper in the tree, there is only minor alterations to the total capture. 
Thus, whole lung statistical predictions are less affected.  
It is also worth noting that this chapter highlights the value and flexibility of using 
a probabilistic formulation such as the Markov chain. Indeed, a probabilistic description of 
particle deposition and escape inherent in the Markov chain model is relatively robust 
against errors in flow in the central airways. Additionally, it is easy to incorporate CFD 
derived results into the existing Markov model. As CFD’s improve and understanding of 
fluid mechanics increases, better and better model of fluid-structure interactions can be 
incorporated. Thus, the Markov chain model is certainly useful and will only improve with 
time. This chapter thus highlights the relative ease by which the Markov chain can be 
adjusted. In comparison, it is extremely time consuming to resolve CFDs even if only one 
parameter is altered. 
  It is important to recognize that the CFD is not a gold standard since it will never 
be able to precisely predict the flows for several reasons. First, the exact geometry of the 
lung is slowly adapting and thus “standards” of predicting flow ignore this. Second, even 
if dynamic CT-based exact geometries were available, statistically there is geometric 
variability even within a single individual. Smooth muscle in the airways cause fluctuating 
tone in the muscle and thus upper airway geometry varies with time and differs from 




imaged days and then weeks apart. On different days, the same exact airways had totally 
different diameters because muscle tone was different87. Third, airway diameters change 
during inspiration and this is also a function of local muscle tone. This is a nuanced and 
complex fluid-solid interaction problem and deemed outside the scope of this thesis. Thus, 
we can only take the CFD as a guidance. The Markov chain, on the other hand, is 
probabilistic, and it could be that this is its greatest advantage because simply we do not 
know much about the instantaneous geometry. With the CFD there will always be an error. 
The Markov chain claims to only provide the probability of deposition anywhere in the tree 
so the error is built in. Its general flexibility and design will always allow incorporation of 
new elements. There exists drawbacks and advantages to both methods, nonetheless the 
two methods are non-mutually exclusive, and can be combined when appropriate. The 
combination of the two should provide powerful insight into the field of particle transport. 
 
CONCLUSIONS 
Overall this chapter represents a horizontal comparison. An assumption of the 
Markov chain of chapter 3 was explored and scrutinized, as opposed to previous chapters 
that largely stack together to produce a cohesive study. There are two major results of this 
chapter. First there are novelties resulting from the development of a platform to investigate 
flow distribution in complex branching structures. Furthermore, it was demonstrated that 
the transition from 2D to 3D can alter the overall flow distributions of outlet. The second 
major contribution had to do with exploring a well published and accepted assumption of 




of the chapter to discover discrepancies between two established methods, but it is 
nonetheless still proved to be an interesting as well as physiologically relevant finding. 
Despite the discrepancies between flows, whole lung predictions of particle deposition 
appeared to be much less affected. It was also further demonstrated that the flexible nature 
of Markov chain, allows for quick implementation of new findings or alterations. Finally, 
we note that the greatest strength of the Markov model is that it is not overly sensitive to 
errors in flow and because it provides estimated deposition or escape probabilities, it 






Conclusions and Future Directions 
Summary of Experiments 
 The aim of this thesis was to advance understanding of how particle deposition in 
bifurcating structures could be controlled as well as to explore if low flow regions of the 
lung could be targeted by a low flow policy. The major points of novelty are as follows: 
Introduction of a reduced dimensional model for predicting particle deposition quickly and 
rapidly. A reusable platform for the investigation of particle deposition with low 
variability. A novel formulation for estimation of steady state probability for constant flow. 
A targeting strategy by which segments that experience little to no flow can be targeted. 
Development and strategies for experimentally testing directional based asymmetric flow 
inside of complex structures and an investigation into how the resistive flow model 
compares to the CFD derived flow.  
 
Future directions 
 One of the major limitations of the present study was an inability to test particle 
motion with physiologically human parameters in the experimental portion of the thesis. 
This was due in part because the flexiVent system used to nebulize and control the flow in 
bifurcating networks was made for rats and not humans. A larger ventilator could be used 
in tandem with the symmetric particle deposition platform in order to produce Stokes 
numbers orders of magnitude larger than used in the present work. Interestingly, one of the 
major novelties of this work came from an inability to test for larger Stokes numbers. This 




exploration of largely untested areas. The confines of the experiment actually wound up 
being some of the greatest strengths in developing insight into the field of particle 
deposition.  
 Additional future work related to a superior ventilator would also allow for 
implementation of flow policies that were implemented in the Markov model and a direct 
comparison between computational work and experimental work could be made. The 
maximum tidal volume of the flexiVent was only 20ml, which is roughly only 4% of an 
adult human. This prevented any real attempt to fabricate and test within the ranges 
necessary for total lung deposition.  
 Another possible area where the Markov chain could be potentially extended would 
be the conversion of the discrete time model to a continuous time model. This would 
facilitate regional deposition along each area of the model as opposed to the current discrete 
formulation which just treats each segment as a whole. An additional area of interest would 
be incorporation of the oral cavity to the Markov chain. Additionally the multi breath 
optimization problem for changing tree resistances, well defined in this work, was not 
optimized over n number of breaths.  
 Further investigation, into possible corrections to the resistive flow model are 
largely merited based on the findings of chapter 5. The next logical step would to produce 
a follow up study similar to an existing symmetric description of this problem82. Finally, 
use of a plane Laser would enhance visualization of ambient particles, and would 




particles of micron size as opposed to the current conclusions being qualitative. 
Conclusions 
 In summary an optimization and formulation of a probabilistic model of particle 
capture in a single bifurcation was proposed. This single bifurcation strategy was 
extrapolated to a large-scale network model which allows for quick experimentation of 
highly complicated structures that reasonably match existing methods. The added benefit 
of this model being that deposition simulations of whole lung down to small generations is 
more than feasible. Furthermore, based on the exploration of the probabilistic model by 
varying what was deemed to be the most important input variable, flow rate, a strategy for 
directing particle motion to previously challenging to reach areas was developed. The hope 
would be that the knowledge developed in this thesis could result in direct clinical 
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